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Abstract. Fitness landscape is a valuable framework to understand
optimisation problems. In single-objective optimisation, by displaying
fitness landscape in a 3D space with the “height” representing the fit-
ness (objective function value) of solutions, one can easily comprehend
a variety of problem characteristics (optimality, multi-modality, level of
ruggedness, etc) and spatial features of the search space (basin, ridge,
funnel, etc). However, such straightforward visualisation cannot be di-
rectly extended to the multi-objective optimisation case in which a so-
lution corresponds to a vector of values on multiple objective functions.
In this paper, we make an attempt to address this issue. Instead of ob-
jective function values, we use the Pareto dominance relation to stratify
solutions, introducing a method we term Pareto landscape for visualis-
ing multi-objective problem landscape. We compare Pareto landscape
with well-established fitness landscape visualisation methods, including
cost landscape, gradient field heatmap and PLOT, and show that Pareto
landscape can capture problem characteristics that the other methods
cannot do. Lastly, we present the Pareto landscapes of commonly used
benchmark problems (ZDT, DTLZ, WFG and BBOB) in the domain,
and discuss their features and characteristics.

1 Introduction

Fitness landscape plots serve as a valuable framework for understanding optimi-
sation problems. They facilitate an intuitive grasp of complex search spaces (also
known as decision spaces) and challenges confronted by search heuristics, inspir-
ing potential improvements and development of new optimisation algorithms.

In the context of multi-objective optimisation, there is a growing interest in
developing visualisation tools for presenting fitness landscapes [283]. This ranges
from simply integrating landscape information (e.g., local Pareto optimal sets)
into the objective space [28] to designing networks that graphically represent
optimal solutions [2T22] and sets [7], as well as the behaviour of search algo-
rithms [24]. While these visualisation tools effectively capture the structure of
(local) optimal solutions/sets and their connectedness, the compression and ab-
stract representation involved make it difficult for people to envision the spatial
location of solutions/sets and their associated adjacent structures.
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Another approach, which can overcome the above issue, is to directly dis-
play the decision space of an optimisation problem with an additional element
(e.g., colour) representing solution quality [28]. This encompasses early attempts
like cost landscape (aka dominance ratio) [11] and recent efforts such as multi-
contour plot [I8], gradient field heatmaps [I7], line cuts [30/2], local dominance
landscape [§], and PLOT [26]. These methods are similar to the fitness land-
scape plots in single-objective optimisation, where the native decision space is
considered, allowing them to present important problem characteristics such as
location, shape and size of attraction basins. However, they may not be very
accurate in some cases due to the effect of the behaviour of the search algorithm
used to locate local optima (e.g., in gradient field heatmaps [I7] and PLOT [26]),
or the criterion considered to measure the “fitness” of solutions (e.g., in cost land-
scape [I1]), which we will show later on.

In this paper, we attempt to develop a fitness landscape visualisation method
for multi-objective optimisation, termed Pareto landscape, that can accurately
represent problem characteristics and spatial features. The idea of Pareto land-
scape is simple. It considers the level of the Pareto non-domination to which a
solution belongs when determining its fitness. To evaluate Pareto landscape, we
first compare it with its counterpart in single-objective optimisation to identify
their similarities and differences. Then, by utilising a class of test functions flexi-
ble for embedding rich features [I9T159], we demonstrate that Pareto landscape
can capture various problem characteristics (e.g., multi-modality and neutrality),
as well as spatial features of the decision space (e.g., valleys, plateaus, ridges and
funnels). Moreover, we compare Pareto landscape with three relevant landscape
visualisation methods and discuss their differences. Lastly, we use Pareto land-
scape to visualise commonly-used multi-objective benchmark functions in the
domain, including ZDT [32], DTLZ [6], WFG [13] and BBOB (bbob-biobj) [2],
to delineate their features and characteristics, particularly the challenges they
may pose for search heuristics.

2 Preliminaries
2.1 Terminology in Multi-Objective Optimisation

For multi-objective optimisation problems (MOPs), without loss of generality, we
seek to simultaneously minimise m objective functions f(z) = (f1(z), ..., fm(2)),
where f(z) (z € X) is a mapping of an n-dimensional variable vector to an m-
dimensional objective vector; namely, f : X — Z where X C R” and Z C R™.

Unlike single-objective optimisation, where there are only three relations be-
tween solutions with respect to their quality, better, worse and equal, in multi-
objective optimisation there is a situation that two solutions are not comparable;
namely, one solution is better on some objective(s) and the other is better on
some other objective(s). This situation is termed as Pareto non-domination. For-
mally, a decision vector z is said to (Pareto) dominate another 2/, denoted by
x <2, iff

file) < fia")  Vie{l,..m}Af(x) # f(2) (1)
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For a solution set .S, a solution z (z € S) is called a (Pareto) nondominated
solution if there does not exist any =’ € S such that 2/ < z. The set of such
nondominated solutions is called the nondominated set of S, and its mapping in
the objective space is called the nondominated front. For an MOP, in the case
that S represents all possible feasible solutions (i.e., S = X), the nondominated
set is called the Pareto optimal set (or global efficient set). The mapping of the
Pareto optimal set in the objective space is called the Pareto optimal front.

Besides the global efficient set, there usually exist some local optima in the
search space, namely the local efficient sets, each consisting of a set of local
efficient points. In continuous multi-objective optimisation, a solution x is said
to be local efficient if there does not exist y € B, that y < = [4], where B, C X
represents an € ball for a sufficiently small € > 0, meaning that all neighbours of
x within a sufficiently small distance do not dominate z.

An important property in continuous multi-objective optimisation is the
multi-objective gradient (MOG) [I0]. MOG is a vector that is oriented towards
a descent direction by the sum of its normalised single-objective components.
It has a desired characteristic that MOG = 0 if a solution is a local or global
efficient solution. Formally, MOG is defined as

Vf(z) = Z alvfi(x) (2)

where o is a weight vector determined based on

iaivfi(m) aizo,iaizl} (3)
=1 i=1

o™ = arg min {
«

2.2 Related Work

Amongst various fitness landscape visualisation methods in multi-objective op-
timisation [28/3], we consider the ones that work on the native decision space
(rather than a compressed, abstract space). Specifically, we consider three visual-
isation methods, cost landscape [11], gradient field heatmap [17] and PLOT [26],
which are relevant to the proposed method. We now briefly introduce them (in
Section 4 we will compare our method against them).

Cost Landscape [I1]. Proposed in Carlos M. Fonseca’s PhD thesis, cost land-
scape is a useful visualisation tool for observing the global structure of a multi-
objective problem. In some visualisation platforms (e.g., BBOB visualisation
website [I]), it is also called dominance ratio. In cost landscape, the fitness
(which can be reflected by colour or height in the plot) of a point is the number
of points that dominate it in the point set considered (i.e., Pareto rank [11J).

Gradient Field Heatmap (GFH) [I7]. GFH, proposed by Kerschke and
Grimme, is the first attempt to employ gradient to visualise the landscape of
multi-objective problems. In GFH, the fitness (represented by colour) of a point
is obtained by the cumulative lengths of MOGs (Eq. , the sum of normalised
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single objective gradients) on the path to a locally efficient point. More specifi-
cally, starting from a point and a variable to store the cumulative MOGs, GFH
performs a search that moves to one of its 8 neighbouring points according to
its MOG, and at the same time, accumulates the MOG of each step. The move
is iterated until it hits a local efficient point. Then the fitness of the starting
point is the cumulative length of the MOGs. GFH is considered a good tool to
capture the local structures of the problem [28].

Plot of Landscapes with Optimal Trade-offs (PLOT) [26]. More recently,
Schéipermeier et al. developed PLOT, which can be seen as an improved version
of GFH in combination with cost landscape. Similar to GFH, PLOT employs the
cumulative length of MOGs as its fitness, but with a grey-scale colour scheme.
The global and local efficient points are highlighted by the colour on the basis
of the Pareto rank considered in cost landscape. As such, it is very clear to see
global /local optimality structure of the problem.

3 The Proposed Pareto Landscape

Classical fitness landscape, introduced by the geneticist Sewall Wright in 1930s [31],
is a 3D “mountainous” landscape in which the genotypes (decision variables) of
solutions are organised in the z-y plane and the phenotype (fitness) is plotted
as the height (i.e., on the z axis). Fitness landscape plots have been widely
used in optimisation and evolutionary computation [16J25]. They enable an in-
tuitive understanding of diverse problem characteristics and spatial features,
encompassing peaks, valleys, plateaus, ridges, and funnels, as well as optimality-
related aspects like multi-modality, level of ruggedness, and the shape/location
of (local) optimal solutions along with their attraction basins.

Yet, such straightforward visualisation cannot be directly extended to the
multi-objective case in which a solution corresponds to a vector consisting of
values of multiple objective functions. A possible solution to this issue is to utilise
the Pareto dominance relation to sort and rank the solutions and then plot their
ranks as the height, instead of objective function values, in the landscape.

The non-dominated sorting procedure [12] is a well-established way to sort
solutions in multi-objective optimisation, e.g., used in NSGA-II [5]. It stratifies
a set of solutions into many levels based on their Pareto dominance relation,
with level 1 meaning nondominated solutions of the set, level 2 meaning new
nondominated solutions after removing the level-1 solutions, and so on. In the
proposed Pareto landscape, the “fitness” of a solution is its level after the non-
dominated sorting procedure, termed the non-domination level. Figure [I] gives
the Pareto landscapem of a 4-objective optimisation problem called multi-point
distance minimisation problems (MP-DMPs). MP-DMPs, introduced by [19] and
extended and generalised by [I59], are class of increasingly popular test func-
tions which are capable of being embedded with a variety of features (see [9] for
a survey). One prominent feature of MP-DMPs is that they inherently have a 2D

In this paper, the points to plot Pareto landscape are those evenly distributed on
a 500 x 500 grid unless specifically stated otherwise.
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Fig. 1. Pareto landscape of a four-objective multi-point distance minimisation problem
(MP-DMP) [I5l9] whose four objectives of a point are the Euclidean distances of a point
in the 2D space to the four vertices of a square, respectively. The decision space of the
MP-DMP is z1,2z2 € [0,1], and the Pareto optimal set of the problem is the square
(shaded region in Figure [Ia)).

decision space (despite easily accommodating an arbitrary number of objectives),
thus allowing the Pareto optimal solutions to be visually identified.

MP-DMPs, in its basic form, minimise the Euclidean distance of a solution
to the vertices of a given regular polygon, where the distance to one of these
vertices is treated as an individual objective. It can be easily derived that the
Pareto optimal region of an MP-DMP is the regular polygon.

Figure b) plots the Pareto landscape of the MP-DMP in Figure a), where
the Pareto optimal solutions are highlighted in green for facilitating observation.
As can be seen in the figure, Pareto landscape can well reflect the problem’s
landscape — points being farther away from the optimal region, gradually and
symmetrically, take lower altitude (i.e., higher non-domination levels), with the
four corners of the decision space having the lowest altitude touching the zi-x-
plane. Next, we will use a toy example to explain the characteristics of Pareto
landscape, in comparison with fitness landscape in single-objective optimisation.

3.1 Properties and Characteristics of Pareto Landscape

Let us consider a set of 10 solutions (a — j) with one decision variable (z) and
two minimisation objectives (f1, f2). In the format of (z|f1, f2), these solutions
are a = (0.1/1,4), b = (0.2]1,3), ¢ = (0.3]3,3), d = (0.4|3,4), e = (0.5]2,3),
f = (0.6/6,3), g = (0.7]2,2), h = (0.8]3,1), i = (0.9]3,3), and j = (1.0|4,1).
Figure [2 gives their Pareto landscape as well as the scatter plot in the objective
space. As can be seen in the figure, the 10 solutions can be divided into four
non-domination levels. Solutions b, g, h form the first level, solutions a, e, j the
second level, solutions ¢, i the third level, and solutions d, f the last level. Looking
closer at the figure, one may find the following properties of Pareto landscape,
in comparison with fitness landscape in single-objective optimisation.

— Like fitness landscape, optimal solutions (i.e., Pareto optimal solutions in
the context of multi-objective optimisation) are always located in the highest
peak(s), such as solutions b, g, h in Figure
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Fig. 2. A toy example of a set of 10 solutions (a— j) with one decision variable (z) and
two minimisation objectives (f1, f2), shown by Pareto landscape. They, in the format of
(z|f1, f), are a = (0.1]1,4), b = (0.2]1,3), ¢ = (0.3[3,3), d = (0.4]3,4), e = (0.5|2, 3),
£=(0.6/6,3), g = (0.7/2,2), h = (0.8/3,1), i = (0.9]3,3), j = (1.0/4,1).

— Like fitness landscape, it is straightforward to see the characteristics of the
problem through Pareto landscape, e.g., local optimality and connectedness
of Pareto optimal solutions. For example, in Figure 2] solution e is a local op-
timal solution; optimal solution b is disconnected from the other two optimal
solutions g and h.

— Like fitness landscape, in Pareto landscape, for any two solutions, if one is
superior to the other (i.e., Pareto dominating), then the better one is always
in a higher location, such as solutions b versus a, and solutions g versus e
in Figure

— Like fitness landscape, in Pareto landscape if two solutions have identical
objective vectors, they have the same altitude, such as solutions ¢ and i in
the figure.

— Like fitness landscape, in Pareto landscape the slope indicates the degree
of change of a solution to its neighbours (with respect to non-domination
levels). For example, in Figure [2 the slope from solution b to solution c
is steeper than that from solution ¢ to solution d since the level difference
between b and c is greater than that between ¢ and d (i.e., 2 > 1).

The above are properties of Pareto landscape that are analogous to fitness land-
scape in single-objective optimisation. Nevertheless, Pareto landscape does have
its own characteristics.

— Unlike fitness landscape, higher altitude in Pareto landscape always means
being superior, irrespective of a minimisation or maximisation problem.

— Since Pareto landscape is based on the Pareto dominance relation rather
than objective values, solutions with significantly different objective dispar-
ities may exist within the same non-domination level provided that they are
nondominated to each other. For example, in Figure [2] for the same-level so-
lutions d and f, on the first objective, d is significantly better than f, whereas
on the second objective, f is only slightly better than d.

— Solutions that are nondominated to each other may or may not be in the
same level; it depends on other solutions in the set. For example, in Figure 2]
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Fig. 3. Pareto landscape of the four-objective MP-DMP problem with different sizes
of the considered solution set in the space, where the solutions are uniformly chosen
from 500 x 500, 200 x 200, 100 x 100 and 50 x 50 grids, respectively.

solutions e and j are in the same level, whereas solutions i and j are not in
the same level as solution e (who is in the same level as j) dominates i, thus
“pushing” i down to the next level.

The reason the proposed Pareto landscape exhibits the last two character-
istics is its reliance on the Pareto dominance relation between solutions rather
than their native objective values. Pareto landscape is a “relative” landscape,
and unlike fitness landscape, the levels of solutions can change depending on
the considered solution set. That being said, the change in levels is unlikely to
affect the spatial location (i.e., height) of solutions in the landscape, provided
that a set of well-distributed solutions is sampled in the space. Figure[3| gives the
Pareto landscape of the four-objective MP-DMP problem with different sizes of
the considered set. As can be seen in the figure, despite having different scale of
non-domination levels, the four landscapes look identical.

In the following section, we will look at more examples of the MP-DMP
problem to understand how Pareto landscape reflects other characteristics of
multi-objective problems, such as multi-modality, neutrality, and scalability.

3.2 On Different MP-DMP Problem Instances

The MP-DMP problem has been frequently used to examine the behaviours of
evolutionary algorithms in the area [29J20J1423], due to its flexibility of equip-
ping with diverse features [9], such as (global) multi-modality [I5] and neutral-
ity [8]. Multi-modality means multiple Pareto optimal solutions in the decision
space mapping to the same point in the objective space, and neutrality means
solutions in a particular region having the same objective values. The multi-
modal MP-DMP is constructed by multiple polygons having the same shape
and size, where an objective is the minimisation of distances of a solution to
a set of counterpart vertices in the multiple polygons. Figure [ gives a four-
objective multi-modal MP-DMP instance, where the four congruent squares are
Pareto optimal regions, each mapping to the whole Pareto front. As shown in
the figure, Pareto landscape can well reflect this multi-modality feature, with
the four Pareto optimal regions sitting on the four squares.

The neutrality feature of the MP-DMP problem can be easily generated by
assigning a constant value to all solutions in a region [§]. Figure 5| presents
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Fig. 4. An example of the four-objective multi-modal MP-DMP with four Pareto op-
timal regions (shaded).
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Fig.5. An example of the four-objective MP-DMP with a Pareto optimal region
(shaded) and a neutral region (dashed) of = € [0.7,0.9]%, in which fi(z) = fa(z) =
fa(z) = fa(z) =2.

an MP-DMP instance with a neural region of z € [0.7,0.9], in which fi(z) =
fa(x) = f3(x) = fa(x) = 2. Clearly, Pareto landscape can reflect this feature. All
solutions in the neutral region have the same worst level as they are dominated
by any solution in the rest of the decision space.

Another important feature of MP-DMP is its scalability in terms of the num-
ber of objectives, which is determined by the number of the vertices of the
polygon. Figure [6] gives the Pareto landscape of three MP-DMP instances with
three, four and six objectives. As can be seen in the figure, although different
MP-DMP problems have different scales of non-domination levels, their land-
scapes look very similar, indicating that the level of difficulty they pose for
search algorithms may be very similar.

4 Comparison with Existing Methods

In this section, we compare Pareto landscape with three landscape visualisation
methods, gradient field heatmap (GFH) [17], PLOT [26] and cost landscape [11].
The first two are recently proposed state-of-the-arts using a search algorithm to
locate global/local efficient sets. Their plots were obtained directly from the
moPLOT platform [27] developed by their authors. The third one is similar to
ours — the only difference is that cost landscape considers Pareto rank (i.e., the
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Fig. 6. Pareto landscape of the MP-DMP instances with different numbers of objec-
tives.

number of solutions that dominate a solution), whereas our method considers the
non-domination level a solution is located in. Here, due to their similarity, we use
the same colour to represent their “fitness”. Note that since existing methods are
usually presented in a 2D space, for facilitating comparison, we present Pareto
landscape in a 2D space as well (i.e., the height being removed).

A landscape visualisation method is deemed helpful if it can accurately re-
flect some important features in multi-objective optimisation. For example, we
may hope that it can accurately identify Pareto optimal solutions of the prob-
lem. We may also hope that it is aligned with the Pareto dominance relation
That is, if two solutions (especially when they sit closely) are comparable in
terms of dominance relation, it is desirable they are visibly distinguishable (i.e.,
having distinct colours/height). Equally, if two solutions are nondominated to
each other, it is desirable that they have the same or similar colour/height.

4.1 Comparison with Search-based Visualisation Methods

As search-based methods, GFH [17] and PLOT [26] first sample a large number
of points uniformly in a grid (e.g., a grid of 500 x 500 cells), and then for each cell,
it considers its adjacent cells according to the steepest multiobjective gradient
(MOG) direction (see Section until the MOG of the cell’s point is zero.
However, in practice, in many cases locating a point whose MOG is precisely
zero may not be possible. As such, one needs to set a small number as a threshold
0. In GFH [17] and PLOT [26], this parameter was set to § = 1.0e — 4. On the
other side, there may be non-optimal points with a very small MOG that is less
than the threshold. Therefore, GFH and PLOT may not be able to accurately
identify the Pareto optimal set.

Figure [7|shows the result of GFH and PLOT, along with the two non-search-
based visualisation methods cost landscape and Pareto landscape, on the 2D
bbob-biobj test function 11 [2], denoted by BBOB11. The Pareto optimal set of
BBOBI1 is a rectangle in the middle of the decision space. As can be seen in the
figure, GFH and PLOT fail to identify the Pareto optimal set of the problem; the
blue colour, which is supposed to represent Pareto optimal solutions, misses the
target. In contrast, cost landscape and Pareto landscape can accurately reflect
the Pareto optimal set (represented by the green points).

9
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Fig. 8. GFH, PLOT, cost landscape and Pareto landscape of ZDT1 [32].

In addition, the way that search-based methods perform the search also plays
a role in their accuracy. In GFH and PLOT, the search is conducted on the pixel
of the grid. For each step, the move can only be taken in 8 possible directions:
up, down, left, right, and the 4 diagonals, which may not be aligned with the
actual steepest direction of MOG. Moreover, the fitness of a point is calculated
based on the length of the path to a local efficient set. Points which have the
same quality may have different path lengths. For example, Figure [8] shows the
result of GFH, PLOT, cost landscape and Pareto landscape on the well-known
problem ZDT1 [32]. Looking closely at Figure a) and (b), one may see that
there is a diagonal line with inferior fitness than points on either side. This does
not mean the points in the diagonal line are worse than others in quality, but
means they have longer length than others. As such, the search-based methods,
which well reflect the gradient direction, may not be very accurate to reflect the
quality of solutions.

In Figure [8] one may also find differences between cost landscape and the
proposed Pareto landscape, which is not like the example in Figure [7] where
the plots obtained by the two methods are virtually the same. For example, in
cost landscape (Figure c)), the worst area is the top-left, whereas in Pareto
landscape (Figure d)), the worst is the top. In the next section, we will discuss
differences between cost landscape and Pareto landscape.

4.2 Comparison with Cost Landscape

Cost landscape [11] measures the fitness of a point based on the number of points
in the whole set that dominate the point. Like Pareto landscape, it provides
“relative” fitness of the set considered. However, cost landscape is often much
more sensitive than Pareto landscape to points in the set considered. Adding
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(X1,X2) of points A-D are A(0, 0.6), B(0, 0.8), C(0.2, 1) and D(0.4, 1).

every new point that dominates the concerned point will change its fitness in cost
landscape. This, however, is not the case for Pareto landscape since it considers
the level of a Pareto optimal front. For example, in the example of Figure 2]
adding any nondominated points between g=(2,2) and h=(3,1) will not affect
the level of any point in the set. However, for cost landscape, adding such a
point will affect the fitness of points d, c, i and f. This characteristic of Pareto
landscape can make a point’s fitness more steady and robust to other points.
Figure [0 gives such an example, where the 3D plots of cost landscape and
Pareto landscape on ZDT1 are displayed. For ZDT1, when it has only two vari-
ables, X1 and X2, one can easily derive two properties. That is, 1) for a solution,
with X1 being fixed, increasing its value on X2 will always generate a new solu-
tion that is dominated by it; and 2) with X2 being fixed, changing its value on X1
will always generate a new solution that is nondominated to it (the proofs can
be found in https://github.com/zxc990/Pareto-landscape)). However, cost
landscape cannot reflect that. As can be seen from Figure [9f(a), solutions A and
B have the same value on X1 (hence A dominating solution B); however, they
are virtually on the same height. On the other hand, solutions C and D have the
same value on X2 (hence being non-dominated to each other); however, solution
C is significantly higher than D by cost landscape. The same misleading result
happens for the problem DTLZ2 [6], shown in Figure (a). From the figure, it
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Fig. 11. Pareto landscape of ZDT3, ZDT4, DTLZ1 and DTLZ7.

is clear that, by cost landscape, solution A dominates B but they have the same
height; solutions C and D are nondominated to each other but their heights
are highly different. In contrast, Pareto landscape is in line with the problem’s

properties (Figure[9fb) and Figure [10|b)) — solution A is always higher than B,
and solutions C and D are always on the same level.

5 Pareto Landscape on Commonly Used Problems

In this section, we use Pareto landscape to plot several widely used problem
suites in the domain. They are ZDT [32], DTLZ [6], WFG [13] and BBOB (i.e.,
bbob-biobj) [2]. For each BBOB problem, there are multiple instances; here
the first instance was considered. Due to space limitations, we do not show all
test problems for a suite but several representatives. For visualisation, all the
problems were set to be in a 2D decision space and with two objectives.

5.1 ZDT and DTLZ

Flgure. ) and (b) give the Pareto landscape of two ZDT problems, ZDT3 and
ZDT4. A ChaI‘aCteI‘lSth of the ZDT suite is that the Pareto optimal solutions are
located in a region (or regions) where all decision variables except 1 are zero [32],
as can be seen from the Pareto landscape in Figure [[I(a) and (b). As shown,
ZDT3 has five disconnected Pareto optimal regions; note that the problem is not
multi-modal, these disconnected regions corresponding to different parts of the
Pareto front in the objective space. This feature poses somewhat of a challenge
for search algorithms to locate all the optimal regions, but the challenge is mild
since the overall landscape is smooth and there are no local optimal regions that
can trap search algorithms. ZDT4 is a challenging problem in the suite. From
Figure b)7 we can see that it has many local optima, which can certainly trap
the algorithms if their search step is not appropriate (e.g., too small).

The DTLZ suite [6] generally has similar problem features and behaviours
to the ZDT suite. Figure [L1{(c) and (d) give the Pareto landscape of two DTLZ
problems, DTLZ1 and DTLZ7. As can be seen from Figure|11|c), DTLZ1, similar
to ZDT4, has a number of equally-spaced local optimal regions (desplte with
deeper valleys). DTLZT is similar to ZDT3 and has disconnected Pareto optimal
regions when xs = 0 (see Figure d)), but the gap between the optimal regions
is bigger, hence more challenging for search algorithms to jump to the other when
they find one of the local optimal regions.
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Fig. 12. Pareto landscape of several WFG problems.

52 WFG

Figure gives the Pareto landscape of four WFG problems, WFG1, WFG4,
WEFG7 and WFGS. As can be seen from the figure, a difference of WFG1 from
the previous problems is that it has a neural area (around zo = 0.2), hence pos-
ing challenges for search algorithms, particularly for local search ones, to make
progress. For WFG4, there are many local optimal peaks along both x; and x5
directions, which contrasts those only along s direction on ZDT4 and DTLZ1.
As shown in Figures[12{c) and (d), WFG7 and WFGS8 have two piecewise Pareto
optimal lines since both contain a transition function where one of the decision
variables is mapped onto two regions [13]. It is worth mentioning that the vari-
ables of WFGT7 on the two Pareto optimal lines can be optimised separately,
whereas the variables of WFG8 on one Pareto optimal line are non-separable.

5.3 BBOB

A common feature amongst the previously considered problem suites ZDT,
DTLZ and WFG is that they all inherently have some “man-made patterns”
(so that the Pareto optimal region is known and controllable). This includes
Pareto optimal solutions clustered at regions where certain variables are con-
stants, and local optimal regions that are equally spaced. This may make them
easily exploitable by search algorithms; for example, by separately searching for
optimum on different variables or employing specific search step-sizes during the
search process. This is not the case in the BBOB suite (i.e., bbob-biobj), where
the two objectives are made up of well-known single-objective functions (so that
the Pareto optimal region is not known nor controllable).

Figure [13| shows the Pareto landscape of eight bbob-biobj problems. As can
be seen from the figure, their landscapes have a great variety. There are problems
of uni-modality (BBOB1 and BBOB29), high ruggedness (BBOB10, BBOB47
and BBOB55), global structure (BBOBF47), big mountain-like local optima
(BBOB10 and BBOB55), and small spike-like local optima (BBOB18, BBOB39
and BBOB53). Moreover, the Pareto optimal regions of the problems are rather
irregular. They include the optimal region as a simple straight line (BBOB1), a
broken line (BBOB29), several separate lines (BBOB10 and BBOB55), discon-
nected points (BBOB47), and a mix of lines and points (BBOB18, BBOB39 and
BBOB53).

Note that the disconnectedness of Pareto optimal regions in many BBOB
problems represents an important feature that challenges search algorithms. To
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Fig. 13. Pareto landscape of several BBOB (namely bbob-biojb) problems.

find the whole Pareto optimal region, search algorithms need to maintain diver-
sity during the search — they cannot first search along one direction and, upon
reaching an optimal solution, then move around within the neighbourhood. Un-
fortunately, in contrast to BBOB, most ZDT, DTLZ and WFG problems do

not have this feature, making search algorithms easier to find the whole Pareto
optimal region.

6 Conclusions

In this work, we attempted to develop a tool to display the “fitness” of solutions
in multi-objective optimisation, termed Pareto landscape. We presented the sim-
ilarity and dissimilarity of the Pareto landscape compared with fitness landscape
in single-objective optimisation. Pareto landscape is different from conventional
fitness landscape in the sense that it provides “relative” fitness of solutions in
the set considered, but like fitness landscape, it can effectively capture a range
of problem characteristics (e.g., optimality, multi-modality, neutrality, level of
ruggedness, and location of attraction basins), and spatial features of the deci-
sion space (e.g., peaks, valleys, plateaus, ridges and funnels). We also compared
Pareto landscape with other popular landscape visualisation methods and pre-

sented that it can reflect important features that other methods fail to. Note
that like other methods which directly display the decision space, the proposed
method can only work on problems with less than three variables.

Lastly, We employed Pareto landscape to visualise commonly used multi-
objective benchmark problem suites in the domain and discussed their features
and characteristics. We found that the ZDT, DTLZ and WFG problems ex-
hibit some man-made features which can be easily exploited by specific search

configurations, whereas the BBOB problems may better represent challenging
real-world optimisation scenarios with diverse, natural features.
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