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ABSTRACT

Recently, there has been growing interest within the theoretical
community in analytically studying multi-objective evolutionary al-
gorithms. This runtime analysis-focused research can help formally
understand algorithm behaviour, explain empirical observations,
and provide theoretical insights to support algorithm development
and exploration. However, the test problems commonly used in the
theoretical analysis are predominantly limited to problems with
heavy “artificial” characteristics (e.g., symmetric, homogeneous
objectives and linear Pareto fronts), which may not be able to well
represent realistic scenarios. In this paper, we first discuss com-
monly used multi-objective functions in the theory domain and
systematically review their features, limitations and implications
to practical use. Then, we present several new functions with more
realistic features, such as heterogeneous objectives, local optimal-
ity and nonlinearity of the Pareto front, through simply mixing
and matching classical single-objective functions in the area (e.g.,
LeadingOnes, Jump and RoyalRoad). We hope these functions can
enrich the existing test problem suites, and strengthen the connec-
tion between theoretic and practical research.
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1 INTRODUCTION

Many real-world challenges contain multiple conflicting objectives
to be optimised simultaneously, known as multi-objective optimisa-
tion problems (MOPs). Instead of a single optimal solution, MOPs
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yield a set of solutions called Pareto optimal solutions, each repre-
senting a distinct trade-off between the objectives. Multi-objective
evolutionary algorithms (MOEAs) have demonstrated their ability
to deal with MOPs in a variety of practical scenarios. Yet, the theo-
retical understanding of MOEAs, particularly their behaviours and
performance guarantees, lags behind their practical success [1, 2].

In this regard, runtime analysis [2] emerges as a very useful tool.
First, it can be used to theoretically analyse the expected runtime
of MOEAs, including mainstream algorithms like NSGA-II [3-5],
SPEA2 [6], SMS-EMOA [7-9], MOEA/D [10-12] and NSGA-III [13],
as well as simple heuristics like SEMO [14-16] and G-SEMO [17-19].
Second, runtime analysis can help confirm observations reported
from empirical studies, for example, why NSGA-II is less effective
for problems with three or more objectives [20]. Third, runtime
analysis can provide insight and guidance in algorithm design (e.g.,
the use of crossover [19], adaptive mutation [21] and the archive
[22]), as well as in algorithmic parameter setup (e.g., mutation rate
setting [23]). Lastly, it can even be used to challenge conventional
practice in the empirical community and to guide the development
of different mechanisms, for example introducing randomness in
population update of MOEAs [24, 25].

Yet, multi-objective benchmark functions used in runtime analy-
sis are predominantly limited to pseudo-Boolean ones with heavy
“artificial” characteristics. They may not be able to well represent
realistic scenarios. For example, in OneMinMax [15], a commonly
used benchmark, any point in the decision space is a Pareto optimal
solution. This means the two objectives are completely conflict-
ing, with no configuration improving both objectives or yielding
dominated solutions. This is apparently not very realistic.

Another prominent feature in multi-objective pseudo-Boolean
functions is the linear shape of their Pareto fronts, such as in the
well-known benchmarks LeadingOnes-TrailingZeroes [26], Count-
Ones-CountZeroes [14] and OneJump-ZeroJump [27]. This may
not be very representative of real-world problems and, more impor-
tantly, may favour certain MOEAs (e.g., the decomposition-based al-
gorithm MOEA/D [28]). The performance of some practical MOEAs
may heavily depend on the Pareto front shape due to their popula-
tion maintenance mechanisms [29]. For example, MOEA/D uses a
set of uniformly distributed weights in a simplex to maintain the
population. As a result, the algorithm may achieve perfect unifor-
mity when the function’s Pareto front is of a linear or simplex-like
shape, but may perform very poorly on other shapes [30]. Solely
considering such linear Pareto fronts may fail to provide a fair com-
parison between MOEAs, particularly to those who are robust to
Pareto front shapes such as Pareto-based MOEAs [29].

Findings derived from very artificial functions may not hold
on practical problems. For example, to our knowledge, all existing
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theoretical studies suggest that NSGA-II performs at least as well as
SEMO, and sometimes better. However, recent empirical work [31]
has shown that SEMO can outperform NSGA-II on many practical
problems (e.g., the multi-objective TSP and QAP problems).

In this paper, we conduct a short review of multi-objective
pseudo-Boolean functions commonly used in runtime analysis. We
discuss the characteristics that make these functions useful for the-
oretical study, and identify their limitations in capturing realistic
features, as well as the implications for the practical community
of algorithm development. Moreover, we present several new func-
tions by combining different single-objective functions such as
LeadingOnes, Jump, and RoyalRoad. These mix-and-match func-
tions, aside from being composed of heterogeneous objectives on
which MOEAs may perform differently [32], can introduce more re-
alistic features such as multi-modality (i.e., Pareto local optimality)
and nonlinearity of the Pareto front, while still retaining analytical
tractability.

It is worth stating that in this paper we focus on widely used,
representative multi-objective pseudo-Boolean functions in run-
time analysis, including OneMinMax, LeadingOnes-TrailingZeroes,
CountOnes-CountZeroes and OneJump-ZeroJump, as well as “asym-
metric” combinations of their single-objective components such
as OneMax [33], LeadingOnes [34], Jump [35] and RoyalRoad [36].
There also exist many other benchmarks in this area, such as
OneTrap-ZeroTrap [37], LPTNO [38], SPG, ZPLG [39] (extended
from PLG [40]), Dec-obj-MOP [41] and multi-objective RealRoy-
alRoad [19], and single-objective ones such as the Needle [42],
Trap [42] and RealRoyalRoad [43]. However, such functions may be
either too special (e.g., the global optimum in the Needle and Trap
functions too hard to locate), or are regarded too artificial [27].

The rest of the paper is structured as follows. Section 2 gives the
preliminaries in multi-objective optimisation and single-objective
pseudo-Boolean functions considered in the paper. Section 3 de-
scribes the function characteristics of interest. Sections 4 and 5
discuss existing common benchmarks and new mix-and-match
functions based on the aforementioned characteristics and their
implications, followed by section 6 that gives the limitations of the
study. Finally, Section 7 concludes the paper.

Due to space limitations, the new functions’ properties (e.g., what
their Pareto (local) optimal set is) are given in the supplementary
at https://github.com/Zim-L/FOGA25ReviewPseudoBoolean/blob/
main/FOGA_Supplementary_Review_Pseudo_Boolean.pdf.

2 PRELIMINARIES

In this section, we will first introduce basic concepts in multi-
objective optimisation. We will then describe several well-known
single-objective pseudo-Boolean functions used in runtime analysis
and their extension to multi-objective pseudo-Boolean functions.

2.1 Multi-Objective Optimisation
Let f(x) = (fi(x), f2(x)) be a bi-objective (maximisation) optimi-
sation problem in decision space Q, where fij(x) : Q — R for all
x € Q. Since we only consider pseudo-Boolean functions, each x is
a bit-string {0, 1}".

Considering two solutions x, x” € Q, we say x weakly (Pareto)
dominates x’, denoted x = x’,if fi(x) > fi(x”) and fo(x) > fa(x');
x dominates x” if one of the inequalities is strict, denoted x > x’. A
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solution x is Pareto optimal if no other solution in ©Q dominates it.
The set of all such solutions is called the Pareto set in the decision
space, and their image under f is the Pareto front (objective space).

2.2 Single-objective pseudo-Boolean Functions
and Their Multi-objective Extensions

In single-objective runtime analysis, a range of pseudo-Boolean
functions have been studied. We focus on four representative ones:

OneMax, LeadingOnes, Jump, and RoyalRoad.
2.2.1 OneMax. OneMax counts the number of 1s in a bit-string.

Definition 2.1. (OneMax [33]). Let x € {0, 1}" be a bit-string of
length n. The OneMax function is defined as:

OneMax(x) = Z Xi. (1)
i=1

Its symmetric counterpart is the OneMin (ZeroMax) function, as
the second objective function of the OneMinMax benchmark.

Definition 2.2. (OneMinMax (OMM) [15]). Let x € {0,1}" be a
bit-string of length n. The problem has two objectives:

A=) x and fi(x)= > (1-x). (2)
i=1 i=1

The goal of the function is to simultaneously maximise both
fi(x) and f2(x), which is inherently contradictory, as improving
one objective results in decreasing the other.

2.2.2 LeadingOnes. This problem counts the number of consecu-
tive ones starting from the leftmost side of the bit-string.

Definition 2.3. (LeadingOnes [34]). Let x € {0, 1}" be a bit-string
of length n. The LeadingOnes function is defined as:

n i
LeadingOnes(x) = Z 1_[ Xj.

i=1 j=1

®)

The symmetric counterpart of LeadingOnes is the TrailingZeroes
function, as the second objective function of the LeadingOnes-
TrailingZeroes benchmark in the following.

Definition 2.4. (LeadingOnes-TrailingZeroes (LOTZ) [26]). Let x €
{0, 1}" be a bit-string of length n. The problem is defined as:

>

i=1 j=1

i n n

xj and fi(x) =Y []a-x.

i=1 j=i

flx) = ©

The goal here is to maximise both fi(x) and fa2(x), which en-
courages solutions with 1s in the beginning and 0s at the end.

2.2.3  Jump. The Jump function (also known as the k-Jump func-
tion) is a variation of the OneMax function but involves jumps
(across a valley) in the fitness landscape. The objective function
penalises solutions that are close to the optimum (the penalty be-
coming severer as getting closer). Formally, it is defined as follows.

Definition 2.5. (k-Jump (OneJump) [35]). Let x € {0,1}" be a bit-
string of length n with a jump parameter k € {1,2,. .., n} indicating
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the size of the valley. The k-Jump function is formalised as:

k+|xly, iflxli <n-—korx=1"

®)

n—|x|1, otherwise.

Jumpy (x) = {

In the area of multi-objective optimisation, the jump function
and its symmetric counterpart — ZeroJump function — composed
of the OneJump-ZeroJump benchmark, as in the following.

Definition 2.6. (OneJump-ZeroJump (OJZ]) [27]). Let x € {0, 1}"
be a bit-string of length n and let k be a fixed jump parameter with
1 < k < 2. The OneJump-ZeroJump problem is defined as:

k+|x|;, if|x)i <n-korx=1"
filx) = .
n—|x|;, otherwise
k+|xlo, if |x] k " o
+|x|o, if|x|]o <n—-korx=0
fa(x) = .
n—|xlo, otherwise.

Here, fi (x) prefers bit-strings with a larger number of ones until
it gets close to 1, in which case the objective value drops. Similarly,
f2(x) prefers strings with a larger number of zeros until it is too
large and close to 0". This forms two symmetric and (partially)
conflicting objectives, which we will explain in detail in Section 4.

2.24 RoyalRoad. The RoyalRoad function is designed to provide
a fitness landscape with explicit building blocks which introduce
neutral areas.

Definition 2.7. (RoyalRoad [36]). Let x € {0, 1}" be a bit-string of
length n, partitioned into b disjoint blocks Sy, S, . . ., Sp, each with
the same length ¢ (where n = b - £, b > 1). The RoyalRoad function
is defined as:

b

RoyalRoad(x) = Z(f l—l xi).

j=1 ieS;

™

Likewise to OneJump, we regard the RoyalRoad function here
as OneRoyalRoad, its symmetric counterpart is ZeroRoyalRoad, as
the second objective function of the OneRoyalRoadZeroRoyalRoad
benchmark in the following.

To our knowledge, the RoyalRoad function has not been consid-
ered and studied in multi-objective optimisation', though it can be
trivially extended to by optimising the OneRoyalRoad and Zero-
RoyalRoad functions.

Definition 2.8. (OneRoyalRoad-ZeroRoyalRoad (ORZR)). Let x €
{0, 1}" be a bit-string of length n, partitioned into b disjoint blocks

51,82, ..., Sp, each with the same length ¢ (wheren =0 -¢,b > 1).
The problem is:
b b
fl(x):Z([Hxi), and fg(x):Z([ H(l—xi)). (8)
j=1 ieS; j=1 ieS;

Here, fi(x) prefers strings that have all bits set to one in each
block, while fa(x) prefers strings that have all bits set to zero in
each block, forming two symmetric and conflicting objectives.

!Note that there is a similar but different problem, called RealRoyalRoad [43], has been
extended and studied recently in multi-objective optimisation [19, 24, 44].
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3 CHARACTERISTICS OF MULTI-OBJECTIVE
OPTIMISATION PROBLEMS

In this section, we will review representative characteristics of
multi-objective optimisation problems. These include characteris-
tics that existing multi-objective pseudo-Boolean functions com-
monly have, and characteristics that practical multi-objective op-
timisation problems typically have. In doing so, we try to explain
what having (or not having) these characteristics may imply.

3.1 Completely Conflicting Objectives

An interesting characteristic resulting from the symmetric exten-
sion of single-objective pseudo-Boolean functions is that some
multi-objective functions may have rather conflicting objectives.
An extreme example is the OneMinMax function [15] where the
two objectives are completely conflicting. That is, an improvement
on one objective always leads to a deterioration on the other. This
characteristic can be defined as follows.

Definition 3.1. (Completely conflicting objectives).
i) < filx) = f£(x) > falx)
and  fo(x') < fo(x) = fi(x") > fi(x).

When a multi-objective optimisation problem has this charac-
teristic, all solutions in the decision space are Pareto optimal ones.
This apparently is not very realistic, though some early continuous
benchmark functions do have this characteristic, such as SCH [45].
From the perspective of MOEAs, this type of problem does not test
an algorithms’ ability to converge, but rather its ability to distribute
solutions over the Pareto front. As such, some diversity/novelty-
driven search [46, 47] strategies may have the edge in addressing
such problems.

Forallx,x" € Q:

3.2 Symmetry

Another characteristic resulting from the straightforward extension
of single-objective pseudo-Boolean functions is that the resultant
multi-objective problems are symmetric, meaning that the objec-
tives are similar in form or mirror each other. For pseudo-Boolean
problems, this means reversing each bit as well as their positions.
Formally, it can be defined as follows.

Definition 3.2. (symmetry in pseudo-Boolean functions). Let f :
{0,1} > Randg: {0,1}" — R be two functions on binary strings
of length n. f and g are symmetric if

f(x) =g(B(R(x))) and g(x) = f(B(R(x)))

where R(x) is a function that reverses the order of bit-string x
from{1,2,...,n}to{n,...,2,1}; B(x) is a bitwise complementation
function that flips all bits (i.e., x; = 1 — x; fori € {1,2,...,n}).

(10)

Crossover may benefit from such a symmetric setup. For example,
if the all-zero solution is a non-dominated solution, then the all-one
solution must be a non-dominated solution as well, hence being
preserved highly likely in the search process of an MOEA. As all
the bits of these two solutions are different, crossing them over may
generate any bit-string, potentially speeding up the search.

Another implication of having the symmetric setup is that so-
lutions in the objective space are symmetric with respect to the
line fi = f>. Such symmetry is rare in real-world scenarios, where
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objectives often differ in scale and structure. For example, in the
multi-objective capacitated vehicle routing problem [48], objec-
tives like total distance and vehicle load balance are inherently
heterogeneous and asymmetric. As for the effect on algorithms,
some types of MOEAs are sensitive to problems with different ob-
jective ranges, such as indicator-based and decomposition-based
algorithms [29, 49, 50].

3.3 Disjoint Pareto Optimal Solutions

Disjointness means that not all the optimal solutions (in decision
space) are connected. Connectedness can be defined using the no-
tion of neighbourhood, with an intuitive assumption that neigh-
bouring solutions are connected to each other by default. In terms
of pseudo-Boolean functions, neighbourhood can be defined by
one-bit difference of solutions (i.e. Hamming distance of 1).

Definition 3.3. (Neighbourhood). The neighbourhood of a solution
xis

N(x) = {x’ € Q| Hamming(x,x") = 1}. (11)

Consider the set of Pareto optimal solutions as a directed graph
where a node is a solution and the edge is defined by the neighbour-
hood relationship, this set is disjoint if the graph is disconnected
(i.e., there exists no path between some pairs of nodes). Formally, it
can be defined as follows.

Definition 3.4. (Disjoint Pareto optimal solutions). For a set of
Pareto optimal solutions PS8, denote a graph Gpg = (PS,E),
where a node corresponds to a solution in S, and E = {(x,x’) |
x,x" € PS and x” € N(x)}. The problem has disjoint Pareto opti-
mal solutions if Gp g is disconnected.

In many existing pseudo-Boolean functions for runtime anal-
ysis, Pareto optimal solutions are not disjoint, hence forming a
connected region, such as in OneMinMax [15] and LeadingOnes-
TrailingZeroes [26]. In this case, local search can easily reach all
Pareto optimal solutions, provided that it hits one of them. However,
many practical combinatorial problems have been shown that their
Pareto optimal regions are disjoint, such as multi-objective linear
programming [51], spanning tree [51] and knapsack [52]. This can
also be echoed by the multi-funnel structure in multi-objective
combinatorial problems [53]. As for algorithm design, having dis-
joint Pareto optimal solutions may highlight the importance of
maintaining the diversity of solutions in decision space, rather than
purely in objective space. Unfortunately, mainstream MOEAs only
consider the latter, and performance of such algorithms can be im-
proved substantially through considering the diversity of solutions
in decision space [54-56].

3.4 Pareto Local Optimality

Local optima are commonly observed in real-world problems, which
may cause the search of an optimisation algorithm to be stuck. In
single-objective optimisation with fitness function f : Q — R, a
solution x is a local optimum if, for some neighbourhood N (x) c Q,
we have fix’ € N(x) such that f(x’) > f(x), meaning that its
fitness is not worse than any of its neighbours. There are some
single-objective pseudo-Boolean functions having local optimal
solutions, such as k-Jump [35].
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Similarly, in the multi-objective case, a solution is a Pareto local
optimum if it is not dominated by any of its neighbours [57].

Definition 3.5. (Pareto local optimality). A solution x is a Pareto
local optimum if

#x’ € N(x) such that x” > x. (12)

Note that global optimal solutions are also local optimal solutions
by definition, but for the convenience of discussion, we exclude
them when discussing local optimal solutions.

Pareto local optimality is an important characteristic that many
practical problems have, and it can significantly increase the level
of hardness for MOEAs to deal with. For example, in the DTLZ suite
[58], the only difference between DTLZ2 and DTLZ3 is that the
latter has a number of local Pareto fronts, which imposes a much
bigger challenge for MOEAs to converge [59].

However, many well-established multi-objective pseudo-Boolean
functions in runtime analysis do not have Pareto local optimal so-
lutions, though some of their single-objective versions have. For
example, OneJump-ZeroJump [27], the extension of k-Jump, does
not have any Pareto local optimal solution. The local optimal so-
lutions in k-Jump become non-dominated solutions (i.e., global
optimal solutions in the multi-objective context) as no solution
is better than them on both objectives. We will explain it in the
Section 4.3.

3.5 Separability of Variables

Separability refers to how variables in the problem interact with
one another with respect to the objective function.

Definition 3.6. (Separability [60]). An objective function f(x)
with x € Q is separable if it can be expressed as:

f(x) = g1(x1) +g2(x2) + - - - + gn(xn) (13)

where g; is a function of the single variable x;.

The definition of separability is strict, requiring every variable of
the problem is separable. With such a characteristic, an optimiser
can optimise the problem variable by variable [60, 61]. However, not
many real-world problems meet this condition. Instead, they may
be partially separable, i.e., some of the variables can be optimised
separably. For example, in many ZDT functions [62], variables can
be separated as the first variable x; alone controls the first objective
and the remaining variables contribute to the second objective.

3.6 Ratio of Pareto Optimal Solutions

In real-world problems, Pareto optimal solutions usually only take a
small portion of the search space. However, in some multi-objective
pseudo-Boolean functions in runtime analysis (e.g., OneMinMax
and OneJump-ZeroJump), most of their solutions are Pareto optimal
ones. For a pseudo-Boolean function, the ratio of Pareto optimal
solutions is |72’;9 l , where PS denotes the set of Pareto optimal solu-
tions. We say a function has a low ratio if it converges to 0 as n grows
to infinity. Most practical problems have a low ratio, even though
the number of the Pareto optimal solutions can grow exponentially
with the problem size [72], such as in bi-objective versions of the
shortest path problem [73], minimum spanning tree problem [74]
and integer minimum-cost flow problem [75].
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Table 1: Characteristics of practical multi-objective optimisation problems and whether existing and new multi-objective
pseudo-Boolean functions in runtime analysis have them.

Non-symmetric Non—co@gletely Disj'oint Not fully Low ratiq of | Non-linear Pareto local o
Problem objectives conflicting optimal separable | Pareto optimal| Pareto front optimality Studied in
objectives solutions variables solutions shape
OneMinMax (OMM) ([)38’]6! 12, 15, 22, 56, 63-
LeadingOnes-TrailingZeroes (LOTZ) v v v 5{, A; 6?’ 6;‘,‘ 6157 616? 629?7%)?
OneJump-ZeroJump (OJZJ) v v v /1 [1,5-7,27,71]
CountOnes-CountZeroes (COCZ) v v v [10, 14, 18, 38, 41]
OneRoyalRoad-ZeroRoyalRoad (ORZR) v v v v V2
OneMax-TrailingZeroes (OMTZ) v v v v
OneMax-ZeroJump (OMZ]) v v v v
OneMax-ZeroRoyalRoad (OMZR) v v v v v
LeadingOnes-ZeroJump (LOZJ) v v v v v v
LeadingOnes-ZeroRoyalRoad (LOZR) v v v M v M
OneJump-ZeroRoyalRoad (OJZR) v v v v M /3 v

1 The ratio of Pareto optimal solutions is not low when the jump parameter k < % -4/ n12n4 (Section 4 in the supplementary material https://github.com/Zim-L/FOGA25ReviewPseudoBoolean/blob/main/

FOGA_Supplementary_Review_Pseudo_Boolean.pdf ).
2 Pareto local optima exist when block length £ > 3.
3 The shape of the Pareto front is generally non-linear, except for the case that (n — k) mod ¢ = 0.

3.7 Shape of the Pareto Front the decision space map to that solution. Figure 1(c) plots the non-
dominated levels [79] of solutions with respect to the number of
ones, which helps indicate how easy solutions may move into a
better place with respect to the Pareto non-dominated levels (similar

Real-world multi-objective optimisation problems may have a very
complex geometry of their Pareto front shapes, such as various
convex, concave, mixed, and/or disjoint fronts. However, existing
multi-objective pseudo-Boolean functions in runtime analysis usu- to Pareto Landscape [80]).

ally have a simple linear Pareto front. For MOEAs which aim to As can be seen from Figure 1(a), the two objectives OneMax and
approximate a good representation of a problem’s Pareto front with OneMin are completely conflicting, making all solutions Pareto

a fixed population size, the shape of the problem matters. Some optimal (Figure 1(b) and (c)). In addition, the objectives in OMM
are fully separable with respect to their variables, allowing MOEAs

types of MOEAs favour a linear Pareto front, such as hypervolume-
to optimise the problem one variable (bit) at a time.

based algorithms [76] and decomposition-based algorithms [30]. In
contrast, Pareto-based algorithms are robust to Pareto front shapes

[29]. This may be one of the reasons that NSGA-II may generally 4.2 LeadingOnes-TrailingZeroes (LOTZ)

perform better than SMS-EMOA [77] and MOEA/D [28] in classic LOTZ [26] is to simultaneously maximise the number of consecutive
combinatorial problems [31] and real-world problems [78]. ones from left to right and the number of consecutive zeroes from
right to left. It is one of the earliest and most studied multi-objective
4 REVIEW OF MULTI-OBJECTIVE BOOLEAN pseudo-Boolean functions. As can be seen in Table 1, LOTZ has
FUNCTIONS some unrealistic characteristics such as symmetric objectives, a
In this and the next sections, we will review multi-objective pseudo- linear Pareto front, no disjoint optimal solutions nor local optima,
Boolean functions based on the characteristics described in Sec- (see Figure 2). The last two may make the problem generally easy
tion 3. This section covers the well-known benchmarks such as One- to solve (ie., finding all the optimal solutions).
MinMax [15], LeadingOnes-TrailingZeroes [26], OneJump-Zero- Unlike OneMinMax, the LOTZ function exhibits characteristics
Jump [27] and CountOnes-CountZeroes [14]; the next section in- such as non-completely conflicting objectives and a low ratio of
troduces new mix-and-match benchmarks of the single-objective Pareto optimal solutions. As can be seen from Figure 2(a), the pres-
functions. Table 1 summarises how these functions reflect the key ence of dominated solutions indicates that the objectives are not
characteristics of practical multi-objective optimisation problems. completely conflicting. The number associated with a point in Fig-
ure 2(b) stands for the number of solutions with identical objective
4.1 OneMinMax (OMM) values (a point without a number is a unique solution). Clearly,
OMM [15] is to simultaneously maximise the number of ones and most of the solutions are dominated ones and there are only n + 1
zeros in a bit-string, defined in Definition 2.2. It has been commonly solutions in the Pareto front. In addition, unlike OMM, the objec-
used in runtime analysis (see Table 1). OMM is arguably one of the tives in LOTZ are not fully separable, implying that MOEAs can no
least realistic multi-objective pseudo-Boolean functions. As can be longer optimise them independently on a bit-wise basis.

seen in Table 1, OMM has none of the characteristics that practical
multi-objective problems may have.

4.3 OneJump-ZeroJump (OJZJ)

Figure 1 illustrates the 8-bit OMM function from three different QJZJ [27] is to simultaneously maximise the number of ones and ze-
perspectives. Specifically, Figure 1(a) plots the solutions on two ros while introducing a deceptive fitness gap that requires crossing
individual objectives (OneMax and OneMin) with respect to the a valley in each objective. The size of the valley is controlled by a
number of ones. Figure 1(b) plots the objective space, where the parameter called the jump parameter k. Its single-objective version,
number associated with a solution means how many solutions in OneJump function (Eq. 2.5), is known for the presence of a local
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Figure 1: OneMinMax (OMM) (n = 8) (a) Two individual objectives (OneMax and OneMin) of the OMM problem with respect to the number of ones. (b) Objective
space, where the number associated with a solution means how many solutions in the decision space map to that solution. (c) The level of solutions with respect to
the number of ones based on the Pareto non-dominated sorting [79]. In (b) and (c), green, red and blue points indicate Pareto optimal solutions, local optimal

solutions, and other solutions respectively. In this problem, all solutions are Pareto optimal.
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Figure 2: LeadingOnes-TrailingZeroes (LOTZ) (n = 8) (a) Two individual objectives (LeadingOnes and TrailingZeroes) of the LOTZ problem with respect to the
number of ones. (b) Objective space, where the number associated with a solution means how many solutions in the decision space map to that solution. (c) The
level of solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b) and (c), green, red and blue points indicate Pareto optimal
solutions, local optimal solutions, and other solutions respectively.
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Figure 3: OneJump-ZeroJump (0JZ]J) (n = 8, k = 2 where k is the jump parameter) (a) Two individual objectives (OneJump and ZeroJump) of the OJZJ problem
with respect to the number of ones. (b) Objective space, where the number associated with a solution means how many solutions in the decision space map to that
solution. (c) The level of solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b) and (c), green, red and blue points indicate
Pareto optimal solutions, local optimal solutions, and other solutions respectively.

optimum. Interestingly, in the multi-objective version, the local
optimum becomes a Pareto optimal solution. Figure 3(a) plots the
solutions on two individual objectives (OneJump and ZeroJump)
with respect to the number of ones for the 8-bit OJZ] problem with

k = 2. As seen, on the objective fj, the solution with five ones is a lo-
cal optimum for that objective; however, it becomes non-dominated
if considering the objective f;. The global optimal solution on each
objective (i.e., (1") and (0")) becomes the boundary solution in
this two-objective problem.
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Figure 4: CountOnes-CountZeroes (COCZ) (n = 8) (a) Two individual objectives (OneMax and CountOnes) of the COCZ problem with respect to the number of
ones. (b) Objective space, where the number associated with a solution means how many solutions in the decision space map to that solution. (c) The level of
solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b) and (c), green, red and blue points indicate Pareto optimal solutions,

local optimal solutions, and other solutions respectively.

A difference of OJZ] from the previous problems is that it has
disjoint optimal solutions. As can be seen in Figure 3(c), there is
a gap between the boundary solutions and the remaining Pareto
optimal solutions. This brings difficulty in finding the whole Pareto
front, especially with a big k. The ratio of Pareto optimal solutions
in the problem depends on the size of the valley (i.e., k) as only
solutions in the valley are dominated ones. When k is small, relative
to the number of total bits (n), the ratio is high. For example, if

n _ [nln4
k<3 2

large n. When k is large (e.g., k = % — 1), the ratio converges toward
0 with a sufficiently large n, see Section 4 in the supplementary.

4.4 CountOnes-CountZeroes (COCZ)

COCZ [14] is a problem known for having asymmetric objectives.
The problem consists of two parts: a cooperative part (the first half
of the decision variables) and a conflicting part (the second half
of the decision variables). In the cooperative part, both objectives
aim to maximise the number of ones (like two OneMax functions).
In the conflicting part, one objective maximises the number of
ones and another objective maximises the number of zeroes (like
OneMinMax). Formally, COCZ can be formulated below.

, the ratio is not less than 0.5 with a sufficiently

Definition 4.1. (CountOne-CountZeroes (COCZ) [14]) Let x €
{0, 1}" be a bit-string of even bits. The COCZ function is defined as

n/2

Dixi+ Zn: (1-x). (14)

i=1 i=n/2+1

A =% and fiolx) =
i=1

The first objective is the OneMax function, and the second ob-
jective is called the single-objective CountOnes function [60] which
treats half of the decision variables as OneMax and another half
as OneMin. This feature makes the problem non-symmetric and
non-completely conflicting with respect to the two objectives.

Figure 4 illustrates the 8-bit COCZ function. As can be seen from
Figure 4(b), the solutions in the objective space form a diamond
shape. This occurrence can be attributed to the fact that the co-
operative part of the bit-string determines the distance between
a solution and the Pareto front (from the upper right to the lower
left), the conflicting part alone controls the positions of solutions
on the Pareto front. This bipartite feature partly resembles several
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continuous benchmark suites widely used in the empirical commu-
nity, such as ZDT [62] and WFG [58]. In addition, the ratio of the
Pareto optimal solutions is low (1/ 21/2) a5 only the conflicting part
affects the Pareto front.

4.5 OneRoyalRoad-ZeroRoyalRoad (ORZR)

Unlike the previous problems, to our knowledge ORZR has not
yet been considered in runtime analysis. It divides the bit-string
into equal-sized blocks, each requiring all ones or zeroes to con-
tribute to the objective (see Definition 2.8). This design leads to
disjoint optimal solutions as they are at least b bits from each other
(where b denotes the number of bits in a block), and a low ratio

. . . /b
of Pareto optimal solutions (i.e., 2;,1

) as optimal solutions must
consist of only blocks of all ones (or all zeroes). For the formal form
of Pareto set and Pareto local optimal solutions, see Section 3 in
the supplementary.

The single-objective RoyalRoad function [36] is known for the
presence of the neutral area, where there exists at least a solution
that all of its neighbours are of the same fitness. Such a neutral area
is considered a challenging feature [81, 82]. The multi-objective ver-
sion inherits this feature; there exist solutions such that all of their
neighbours are non-dominated to itself. This introduces a feature
that is prevalent in practical problems but does not exist in the other
existing multi-objective pseudo-Boolean functions — Pareto local
optimality. Figure 5 illustrates the 8-bit ORZR with two blocks. As
can be seen from Figure 5(c), there are three local optimal solutions
whose neighbours are not better than them. It is worth noting that
in ORZR the local optimal solutions and their neighbours are not
“incomparable” but have the same objective values (i.e., mapped
into the same objective vectors, see Figure 5(b)). This may pose the
challenge for mainstream MOEAs that maintain diversity only in
the objective space, as they cannot identify potential solutions that
help in finding promising areas [56].

In addition, ORZR exhibits a property that is common in real-
world applications but rare in the pseudo-Boolean benchmarks.
While optimal solutions require each block to consist entirely of
ones or zeroes, some blocks in random solutions have roughly the
same number of ones and zeroes. This creates a position at the
“centre” of a plateau where improving the block requires multiple
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Figure 5: OneRoyalRoad-ZeroRoyalRoad (ORZR) (n = 8, b = 2 where b is the number of blocks) (a) Two individual objectives (OneRoyalRoad and ZeroRoyalRoad)
of the ORZR problem with respect to the number of ones. (b) Objective space, where the number associated with a solution means how many solutions in the
decision space map to that solution. (c) The level of solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b) and (c), green,
red and blue points indicate Pareto optimal solutions, local optimal solutions, and other solutions respectively. In this problem, local optimal solutions (red crosses)

and other solutions (blue dots) overlap in (b).

simultaneous bit flips. This makes ORZR challenging for algorithms
like SEMO that relies on local variation.

5 MIX-AND-MATCH MULTI-OBJECTIVE
BOOLEAN FUNCTIONS

In the previous section, the bi-objective functions are formed by
extending the symmetric version of single-objective ones. In this
section, we introduce the asymmetric mixes of two different objec-
tives: the first objective remains its original form, while the second
is its symmetric counterpart. For example, mixing LeadingOnes and
OneJump yields LeadingOnes-ZeroJump. Due to space limitations,
the mixes involving OneMax are provided separately in the sup-
plementary, as they often trivialise the problem. Formal properties
(e.g., the Pareto solution set and local optimal set) of all the new
benchmarks are given in Section 3 in the supplementary.

5.1 LeadingOnes-ZeroJump (LOZJ)

The problem LOZ]J combines the LeadingOnes function with the
ZeroJump function, and it simultaneously maximises the number of
consecutive ones (from left to the right), and the number of zeroes
in the bit-string with a valley (determined by the parameter k).
Formally, LOZJ can be formulated as follows.

Definition 5.1. (LeadingOnes-ZeroJump). Let x € {0, 1}" be a bit-

string of length n and k be the jump parameter with 1 < k < 7.

The problem is defined as:
N k + |xlo.
n = |xlo,
(15)

1
A=Y £ =
i=1 j=1

As LOZJ combines LeadingOnes-TrailingZeroes with OneJump-
ZeroJump, it inherits their characteristics, such as having disjoint
optimal solutions and a low ratio of optimal solutions (Table 1).
However, a distinct characteristic of LOZ]J is its Pareto local op-
timality. Figure 6(c) shows three local optima near the valley (in
red), corresponding to ZeroJump’s local optima. For these local
optimal solutions, flipping any bit reduces the ZeroJump value;
hence these solutions are non-dominated by their neighbours. Take
the local optimal solution 10010010 in Figure 6(c) as an example,

if |x|op <n—korx=0"

otherwise.
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where the solution is located in non-dominated level 3 with ob-
jective values (1, 7). Flipping any of its bits from one to zero will
potentially lead to one of the three solutions, 00010010 (level 9),
10000010 and 10010000 (level 8). Likewise, flipping any bit from zero
to one will potentially lead to one of the five solutions, 11010010
(level 3), 10110010, 10011010, 10010110 and 10010011 (level 4).

It is worth mentioning is that the valley in LOZ] poses a bigger
challenge for MOEAs to reach the all-zero optimal solution than
in OneJump-ZeroJump (OJZJ). To do so, (i.e., the top-left solution
in Figure 6(b)), MOEAs generally need to find the nearest Pareto
optimal solution first, i.e., the one with objective values (3,7) in
Figure 6(b). However, in LOZ], this solution corresponds to only
one bit-string (11100000), whereas in OJZ], it corresponds to any
bit-string with exactly three 1 bits (e.g., 56 bit-strings in Figure 3(b)).
This many-to-one mapping in OJZ]J enables crossover to speed up
the jump [83], but this is not possible in LOZJ. Such hard-to-reach
boundary solutions also appear in real-world problems [84, 85].

5.2 LeadingOnes-ZeroRoyalRoad (LOZR)

LOZR combines the LeadingOnes function with the ZeroRoyalRoad
function, simultaneously maximising the number of consecutive
ones (from left to right) in a bit-string, and the number of blocks
with all zero bits. Formally, LOZR can be formulated as follows.

Definition 5.2. (LeadingOnes-ZeroRoyalRoad). Let x € {0,1}" be a
bit-string of length n, partitioned into b disjoint blocks S1, S, . . ., Sp,
with each of length ¢ (wheren="5b-¢,b > 1).

no i b
A =>T]x and i) =) (c[J-x). o)

i=1 j=1 j=1  ieS;

LOZR shares many characteristics with OneRoyalRoad-Zero-
RoyalRoad (ORZR), for example, having disjoint optimal solutions, a
low ratio of optimal solutions, and Pareto local optimality (Table 1).
However, an interesting difference is that in ORZR, Pareto local
optimal solutions only exist when the block length is greater than
three (¢ > 3), whereas in LOZR they exist with any legitimate block
length (i.e., £ > 2). The reason for this is as follows.
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Figure 6: LeadingOnes-ZeroJump (LOZJ) (n = 8, k = 3 where k is the jump parameter, controlling the size of the valley). (a) Two individual objectives (LeadingOnes
and ZeroJump) of the LOZJ problem with respect to the number of ones. (b) Objective space, where the number associated with a solution means how many
solutions in the decision space map to that solution. (c) The level of solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b)
and (c), green, red and blue points indicate Pareto optimal solutions, local optimal solutions and other solutions, respectively.
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Figure 7: LeadingOnes-ZeroRoyalRoad (LOZR) (n = 8, b = 4 where b denotes the number of blocks) (a) Two individual objectives (LeadingOnes and ZeroRoyalRoad)
of the LOZR problem with respect to the number of ones. (b) Objective space, where the number associated with a solution means how many solutions in the
decision space map to that solution. (c) The level of solutions with respect to the number of ones based on the Pareto non-dominated sorting. In (b) and (c), green,
red and blue points indicate Pareto optimal solutions, local optimal solutions, and other solutions respectively. In this problem, the local optimal solutions (red

cross) overlap with other solutions (blue dots) in the (b).

In ORZR, a Pareto local optimal solution needs to contain at least
one block that is neither 1° nor 0, preventing it from being globally
optimal. For such a block, flipping a single bit must not turn it into
1¢ or 0, as that would improve at least one objective (while the
other stays unchanged). This condition can only be met when the

block length ¢ > 3, i.e., having at least two 1s and at least two Os.

In contrast, in LOZR a requirement for being a Pareto local optimal
solution is that a single-bit flip cannot turn a block into 0¢ (but can
be 1¢ as it only considers the ZeroRoyalRoad function). As a result,
LOZR does not require a block length greater than three because
a block of length two (i.e., 11) is sufficient to prevent itself from
being turned into an all-zero block via a single-bit flip.

5.3 OneJump-ZeroRoyalRoad (OJZR)

OJZR combines the OneJump function with the ZeroRoyalRoad
function, simultaneously maximising the number of ones with a
valley (determined by the parameter k), and the number of blocks
with all zero bits. It can be formulated as follows.

Definition 5.3. (OneJump-ZeroRoyalRoad). Let x € {0,1}" be a
bit-string of length n, partitioned into b disjoint blocks S1, Sz, . . ., Sp,
each of length ¢ (where n = b - £,b > 1). Let k € Z* be the jump
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parameter with 1 < k < | 2]. The problem is defined as:

k+lxly, iflxly <n-k ,
filx) = orx =1" fz(x):Z([ l_[(l—xi))-
n—|x|1, otherwise Jj=1 i€S;

(17)

OJZR exhibits all the characteristics listed in Table 1, such as the
Pareto local optimality and a low ratio of Pareto optimal solutions.
Notably, it is the only problem that has a non-linear Pareto front
(having a concave region). Taking the 12-bit OJZR problem (k =
5,b = 4) in Figure 8 as an example, the problem has a concave
region near the solution with objective values (11, 3) (Figure 8(b)).
The reason for this occurrence is as follows.

The occurrence of the concave region can be attributed to the
fact that the OneJump objective shifts the positions of some so-
lutions in the objective space and “creates” a new Pareto optimal
solution. Figure 9(a) illustrates and explains this in the objective
space of a 12-bit OJZR problem, where the grey and green crosses
(columns 12, 13, 14, 15 with respect to the first objective) represent
the solutions that are shifted to the left and leave a gap in the objec-
tive space (as seen in Figure 8(b)). Since the Pareto optimal solution



FOGA 25, August 27-29, 2025, Leiden, Netherlands

Liang and Li

* Pareto optimal solutions + Local optimal solutions e Other solutions
o 12 A * 14 * * * * *
16 1 rle 11
| . L] s s+
14 1 rl4 10 - .12&24 S 3 N . s s
] L 94 * ] 1
- 127% [o] e 12N N84 -E: a4 L]
¢ 10 t0g ¢ 7 ]
= 2z 2 ® 54 LI
g g XXX° ls & T 6 o'eeee £
2 o g 9 5 g 61 .
8 6] oxxxxx 6 8§ & af 8 71 . e
4] o] o L4 3 .4&6 S = s
KXXKKXEG 2 2
21 o r2 14 94 .
ol xxxxwxxxxio L e ——
0 2 4 6 8 10 12 1234567 891011121314151617 01234567 89101112
Number of Ones Objective 1 Number of Ones

(a) Two individual objectives wrt #1

(b) Objective space

(c) Nondominated level wrt #1

Figure 8: OneJump-ZeroRoyalRoad (OJZR) (n = 12,k = 5,b = 4 where k is the jump parameter and b is the number of blocks). (a) Two individual objectives of
OJZR with respect to the number of ones. (b) Objective space, where the number associated with a solution means how many solutions in the decision space map
to that solution. (c) The non-dominated level of solutions with respect to the number of ones. In (b) and (c), green, red and blue points indicate Pareto optimal
solutions, local optimal solutions, and other solutions respectively. In this problem, the local optimal solution (red cross) overlaps with other solutions (blue dots)
in (b). Note that the Pareto front in (b) is not linear — the Pareto optimal solution (11, 3) forms a concave region.
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Figure 9: The objective space of two OneJump-ZeroRoyalRoad (OJZR) in-
stances (n = 12,b = 4,k = 5 or k = 6): one having a concave Pareto front and
the other having a linear Pareto front, where b is the number of blocks and k
is the jump parameter. (a) The OJZR instance with k = 5 (b) The OJZR instance
with k = 6. In both cases, by OneJump, several solutions (the crosses) are
shifted to the left. When k = 5, the solution (11,3) becomes a Pareto optimal
solution, creating a concave region in the Pareto front. In contrast, when k = 6
the solution (11, 3) is still a dominated solution since it is dominated by (11, 6).

(13, 3) is shifted to (3, 3), the solution (11, 3) becomes a new Pareto
optimal solution. This leads to a concave region below the original
straight-line Pareto front (the green line in Figure 9(a)).

However, such a shift does not always create a new Pareto opti-
mal solution, depending on the interplay between the parameters
n, k, £ (where ¢ is the block length). When (n — k) mod ¢ = 0, the
concave region no longer appears. As can be seen in Figure 9(b), the
solution next to the valley (11, 3) cannot become a new Pareto opti-
mal solution, as it is dominated by another Pareto optimal solution
(11,6). As such, the shape of the Pareto front remains a straight
line, though there is a gap between the bottom-right Pareto optimal
solution and the others optimal ones.

6 DISCUSSION AND LIMITATIONS

While this work focuses on pseudo-Boolean problems, other opti-
misation types exist (e.g., permutation and integer problems). The-
oreticians also investigate many other multi-objective problems,
such as minimum spanning tree [86-88], vertex cover problem [89],
and integer-based optimisation [90, 91].
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In this study, we also limit our scope to bi-objective problems.
However, many practical problems have three or more objectives.
Adding more objectives may rapidly increase the complexity of op-
timisation problems [92], and MOEAs may behave very differently
[93-96]. Studies in the theory area mainly consider many-objectives
problems through extending existing bi-objective problems by par-
titioning a bit-string into multiple sections, with each section cor-
responding to two objectives, such as in [11, 13, 16, 20, 97-99]. One
feature of such problems is that the number of objectives to be
optimised needs to be even. With the mix-and-match approach in
this paper, one may naturally consider problems with more than
two objectives, for example, an interesting (but maybe challenging)
problem can be constructed by considering the three individual
functions LeadingOnes, ZeroJump and ZeroRoyalRoad.

A notable feature of all the problems considered in this paper
is the common presence of many-to-one mappings between the
decision space and objective space, i.e., multiple bit-strings having
identical objective values. This is due to the use of counting-based
(e.g., OneMax, Jump) and block-based (e.g., RoyalRoad) functions.
However, there exist many practical problems that only have one-
to-one mappings between the two spaces, in particular many con-
tinuous problems like the ZDT [62] and DTLZ [58] suites. The
feature of many-to-one mapping may disadvantage MOEAs that
only consider the diversity of solutions in objective space, which
unfortunately all mainstream MOEAs do. As presented recently, for
such problems, considering the diversity of solutions in decision
space can substantially speed up the search [56].

Some problems constructed in this paper have local optimal
solutions. This is in line with practical scenarios that many multi-
objective combinatorial problems have local optimal solutions [57].
In general, there are two types of Pareto local optimal solutions,
plateau-type and non-plateau-type. Plateau-type solutions have at
least one identical neighbouring solution. In our problems, such
plateau local optimal solutions, introduced by the RoyalRoad func-
tion, scatter dispersedly in the search space (e.g., in LeadingOnes-
ZeroRoyalRoad). This is aligned with some practical optimisation
scenarios like time tabling [100]. In contrast, the non-plateau local
optimal solutions, primarily caused by the Jump function, concen-
trate in specific regions of the search space, as seen in the problems
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LeadingOnes-ZeroJump and OneJump-ZeroRoyalRoad. However,
in some practical problems, the non-plateau local optimal solutions
can be more dispersed such as in multi-objective NK-Landscape
[101, 102], making MOEAs being trapped in different regions [103].

7 CONCLUSION

In this paper, we conducted a short review of pseudo-Boolean prob-
lems used in runtime analysis for evolutionary multi-objective
optimisation. Based on characteristics that real-world optimisation
problems have, we discussed commonly used benchmarks in the
area, including their limitations and implications for practical use.

We also presented several new pseudo-Boolean problems by
mix-and-matching different single-objective functions, and shown
that they have more characteristics commonly seen in real-world
applications (see Table 1). This includes plateau-type local optima
(OneJump-ZeroRoyalRoad), a non-linear Pareto front (OneJump-
ZeroRoyalRoad), and hard-to-reach boundary solutions (LeadingOnes-
ZeroJump) which may not be easily obtained by crossover. Of
course, these functions may not fully reflect the complexity of
practical problems, but we hope they can help strengthen the con-
nection between theoretic and practical research in the area of
evolutionary multi-objective optimisation.
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